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Weierstrass’ Polynomial Approximation Theorem. Let /(x) be a real-
valued (or complex-valued) continuous function on the close/:d interval
(0, 1]. Then there exists a sequence of polynomials P, (*) which converges
as 7 — 00, to f(x) uniformly on [0, 1]. According to S. BERNSTEIN We’
may take ‘

P, (x) = g2 #Co T Bm) 2P (1 — =2, (1)

Proof, Differentiating (x - )" ::pé; +Cp 22 v with respect to
% and multiplying by %, we obtain nx(x + y)* 1 = j B gl BT
Similarly, by differentiating the first expression twice wﬁﬁ iespect toxand
multiplying by 5% we obtain # (n—1)22(x + )" 2 = é PP —1) Cpa?
"%, Thus, if we set o
we have B =S, ?

n

"‘i‘i’;?ﬁ (x> : 1, 145) P7'25 {2») = nx, pé%j)(é—— 1) ?’P<x) = ﬁ(n —_ 1) %8 (3}

P,
Hence
. 2 o 9 L s i 9
;z% (p—nx)*r, (&) = n's" pé% 7p (%) — ‘27255;;:;; Pryl(x) + pé; 277 (%)
= n?x® — 2nx - nx + (nx + n(n—1) %%
= nx(l—x). (4)

We may assume that |/(x)| £ M < oo on [0, 1]. By the uniform
continuity of /(x), there exists, for any ¢ > 0, a § > 0 such that

/() — f(«') | < & whenever |x — x| < 4. (5)
We have, by (3),

1) — 2 10) 75 (3

! |
1

=12 0@~ 1) 7,3

o I3
lp—nsigoni © ||jp—nz]>om,

=

For the first term on the right, we have, by 7,{x) = 0 and (3),

g
i = e 2 =g,
p—nx[<on| »=0

For the second term on the right, we have, by (4) and x)] < M,

) 2.[1[ 2 5]
2 oMM X Yo%) £ 5 2 (p— nx)? 7p (%)
p—nz|>0n. |p—nz|>dn nE0% p=0
2M (1 —=x) M
— - 5E £ 55t > 0 (as 27— o0)

b

N



